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A non-relativistic analytical study of some atomic nuclei near doubly-magic nuclei, namely 41Ca and 41Sc.
These nuclei under study are considered to have a closed core with a single nucleon orbiting the core, thus
agreeing perfectly with the nuclear shell model. The superposition of Hulthen potential plus Spin — orbit
interaction plus adjusted Coulomb is used as the nucleon — nucleon potential for this study. This superposi-
tion forms a suitable potential model useful in describing the net force mediating the interactions between
nucleons in a nuclear system. The combined potentials effectively represent three basic interactions within
the nucleus. By employing the Nikiforov — Uvarov method of solving the Schrodinger equation, we have
calculated the energy eigenvalues and the eigen function of these nuclei. Also, the expectation values for ra-
dius, kinetic energy and momentum of each nucleus under study are also evaluated analytically. The results
obtained are in agreement with experiment. As such, the constructed potential model used in the present
work is recommended for similar nuclei.
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1 Introduction

The atomic nuclei are an intricate quantum
mechanical system. The study of its structure, which
boarders on how its constituent particles and
nucleons are arranged, is key to understanding and
interpreting certain observations displayed by bulk
matter. The atomic nucleus is made up of protons
and neutrons that are arranged in a predictable order
within the nuclear volume. [1-2]. A clear insight into
the structure of the nuclear system, which is the core
of nuclear properties research, coupled with our
understanding of inter-nucleon forces, can be
explored and used to critically test both our
knowledge of the nuclear forces and many-body
theories [3-4].

The shell model and the single — particle
energies offer a veritable ground for study and
understanding basic features and properties of
atomic nuclei [5-8]. The single-particle energies
obtained using the nuclear shell model are expected
to be influenced by the nuclear spin-orbit force [9].
However, the shell model is aptly applicable to
closed shells with a lone valence-nucleon nuclei
[10]. Most importantly, the single-particle
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behaviour is observed in near magic and near doubly
magic nuclei, where the major shells are filled up
with nucleons in a nucleus, leaving a single proton
or neutron to occupy the next shell after a major or
minor gap. For instance, *'Ca and *'Sc are modelled
as doubly magic nuclei with a single particle
orbiting the 1f7level. The shell model predicts that
2

the properties of a nucleus are correctly represented
by the properties of the lone nucleon orbiting the
core, taking the pairing effect into consideration
[11]. As such, a valence proton orbiting the N = Z
=20 core for the *'Sc isotope and a valence neutron
orbiting the N = Z = 20 core for the *'Ca are used to
predict to a large extent accurately the properties of
these nuclei.

In this study, we have constructed a nuclear
potential model within the non-relativistic domain
of quantum mechanics which takes into
consideration the basic interactions taking place
within the atomic nucleus. These interactions
include the strong interaction represented in our
model by the Hulthen potential, the spin-orbit
interaction represented here by the spin-orbit
potential and the electromagnetic interaction
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represented in our model by the Coulomb potential.
By the superposition of these three potential models,
we have been able to model the forces mediating the
basic interactions within the nucleus. As such, our
constructed potential model is suitably applied to the
Schrodinger wave equation to obtain the energy
eigenvalues, wave function and other quantum
mechanical observables for the nucleus.

The Hulthen potential is a central mean field
potential used to present a short-ranged force field.
In this research, the Hulthen represents the strong
force which influence the interaction between
nucleons inside the nucleus. In the present study, the
Hulthen potential is the nucleon — nucleon (N-N)
potential. The spin-orbit interaction is a vital
component of the force field under which nucleons
interacts [12]. The spin-orbit effect arises from the
interaction of the nucleon magnetic moment with
the mean field potential. This effect is usually visible
for orbits with £ > 0 [13]. Hence, coupling the spin-
orbit interaction to the mean field potential for
nucleon — nucleon interaction is of essence. In
relativistic quantum mechanics, the spin is
effectively represented in the wave equation (Dirac
equation) describing the motion of a spin % particle
[14]. Although the non-relativistic Schrodinger
wave equation does not consider the spin of a
particle rightly, in this study the spin has been
factored in by introducing the spin-orbit interaction
into the N-N potential. This has been done
successfully in this work, as is presented in the
subsequent sections. Interactions between the core,
which contains the positively charged proton, and
the orbiting valence proton necessitate the
introduction of the adjusted Coulomb potential.

In this study, the non-relativistic nuclear shell
model is used to obtain analytically the single
particle ground state energies for *'Ca and *'Sc, near
doubly magic nuclei. To achieve this aim, we solved
analytically the Schrodinger equation for a
constructed potential model formed by the
superposition of the Hulthen potential [15] plus
spin-orbit potential plus the adjusted Coulomb
potential [16] as an effective potential between the
core and a single particle. These potentials are
important nuclear potentials used in describing the
interaction between a single nucleon and the nuclear
core. [17-20]. However, the adjusted Coulomb
potential strength is set to zero in the case where the
single particle orbiting the core is a neutron.
Furthermore, the Hellman-Feynman theorem is used
to obtain some physical observables such as radii,

kinetic energies, and momenta for the nuclei under
study.

Now that the choice of the N-N potential has
been made, the next step is to solve the Schrodinger
wave equation. We use the Nikiforov-Uvarov (NU)
method to solve the Schrodinger equation [21]. The
organization of this paper is as follows: The NU
method is reviewed in section 2; the non-relativistic
energy spectrum is presented in section 3;
expectation values of physical observables are stated
in section 4, and results and discussion are presented
in section 5.

2 Review of the NU method

We introduce the NU method briefly in this
section; details can be obtained from ref. [21]. This
method is based on solving the second order
differential equation of the hyper geometric type:

#(2)

Y@+ 5P @D+ 559@H =0 (1)

In Eq. (1), 0(2) and 6(z) are polynomials of at
most second degree. 7(z) is a first-degree
polynomial, and ¥ (z)is the hypergeometric-type
function, !l(z) and !(z)are the second and the
first order derivative of the hypergeometric- type
function with respect to the spatial coordinates
respectively. A possible solution to Eq. (1) is
proposed as

V(2) = ¢(2)y(2) 2

The function y (z) which is the second part of the
proposed solution given by Eq. (2) can be obtained
from the equation below;

c@y(@+1@y' @D+ () =0  (3)

Equation (3) is the hypergoemetric type second
order differential equation obtained from the
relationship between the polynomials ¢(z) and
7(z), details of this relationship can be obtained
from Nikiforov and Uvarov ref. [21].

From Eq. (2), the function ¢(z) is the solution
of a differential equation of the form given by:

a(2)¢!(2) — n(2D)$(2) = 0 (4)

where
©(z) = 1(2) + 2n(2) ®)
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and 4 in Eq. (3) is a parameter defined as
nn—-1
A=2, =-ntl(2) +¥a| I(z) =
=0n=0123,...) (6)

The function 7(z) is a polynomial in terms of z,
and to obtain a proper solution, its first derivative
7!(z) must be negative. The function y(z) as stated
in Eq. (2) is the hyper geometric type wave function
obtained by using the Rodrigues relation:

yn(2) = 2225 (6" (2)p(2)] ™)

where B, is a constant related to normalization, and
the weighted function p(z) is defined as:

~o@p(@)] = 1(2)p(2) (8)

Also, the function m(z) which is a first-degree
polynomial is defined as

| _ =
_o (2)2 7(2) +

iJgkgﬁgz—ﬂ@+kd@ ()]

(z)

k in Eq. (9) is related to the parameter A Eq. (6), and
the first derivative of m!(z) as
A=k +rl(2) (10)

The value of k is obtained by equating the
discriminant of the quadratic expression under the
square root sign in Eq. (10) to zero, and solving the

resulting equation for k. By solving Eq. (6) and Eq.
(10), we derive the energy eigenvalue equation.

3 Solution of Schrodinger equation for
Hulthen potential plus spin-orbit interaction plus
adjusted Coulomb potential

The eigenvalues of the energy E for nuclei is
obtained by solving the radial component of the 3-
dimensional Schrodinger wave equation given as

d?R(r) 2dR(r) N
, dr? r dr
+h_g[En€j —Verr(M|RE) =0

)
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This equation is for a single particle, where u is
the reduced mass of a single nucleon, Ej; is the
energy spectrum, Vesr is our constructed potential
model which has in it the centrifugal term, A is the
Planck’s constant, n, £ and j are the principal, orbital
and total momentum quantum number respectively.
By transforming the variable from r — z, let a new
variable be defined as

z=e (12)

The derivatives of the function R(r) in Eq. (11)
are obtained in terms of the new variable z, as such
Eq. (11) is transformed and restated in terms of z as
R(r) is redefined as ¥ (z).

By transforming Eq. (11) using the new variable
defined by Eq. (12), the Schrodinger equation
becomes as stated below

2
Y@ | 1dy@ | 1 ﬁ_;_g(veff)] =0(13)

dz? z dz azz2 | n?

The central potential in this case is the Hulthen
potential which is an approximation of the well-
known Woods Saxon potential. This potential has
been successfully used to approximate the nuclear
central force:

Voae ™%
Ve(M) = - =

(14)
where V,in Eq. (14) is the potential strength of the
Hulthen potential.

The adjusted Coulomb potential is given as

e

V() = R—z 3 (Ri)z] (15)

where e is the charge of ¢ or proton, Ry the radius of
nuclei and r is the range of this position of a particle
from the core. The spin-orbit interaction is given as

Vs = 2150 (2) L[] 25 (16)

r dr
- > 2
where L.§ == (j( + 1) — €+ 1) =),
The centrifugal term of the Schrodinger wave

equation is given as

_ R u+)
f — 2u r?

(17)



E.A. Thompson et al.

Phys. Sci. Technol., Vol. 8 (No. 3-4), 2021: 10-21

The effective potential Ve for the nuclei system 1 Aalerer (19)
is obtained by summing up Eq. (14), Eq. (15), Eq. rz " (1-e—2ar)2
(16) and Eq. (17) as given by Eq. (18): 1 a2 20)

%e—ar
Verr = =T gmar

7'2 (1_6—20(7")2

The approximations stated in Eq. (19) and Eq.
(20) are commonly used in calculations, but in the

ae % . . present work Eq. (20) is used, as this particular

—V,.s(0)r2 WL.S — approximation scheme suit our purpose. Applying

r(1 ) the Greener-Aldrich approximation scheme as

5 - . stated by Eq. (20) to solve the Schrodinger equation

S L +h_€(f+1) (18)  makes our solution an approximate solution. An
megR,  TEQRS  2u 12

We apply the Greene-Aldrich approximations
scheme [22], [23], [24] to handle the centrifugal
barrier. The approximation is valid for a «< 1. It is
of the following forms:

exact solution can only the attempted for our
constructed potential if £=0, but this will cancel the
spin-orbit effect from the results. Putting Eq. (18),
Eq. (19) and Eq. (20) into Eq. (13), the Schrodinger
equation now reads:

-2UE T
hzltxz 1- Z)Z + 1, 2M2
Zuro z L. 3
+V, (0 + 1) —-¢6(+1)—=
d2¢(z) ldll)(Z) + 1 LS( ) ( )(.](I ) ( ) 4) l/)(Z) =0 (21)
dz2 z dz z2(1-z2)? 61 2 4
_—R —— (1-2)2%+ 7 a4R3 (1-2)
[ —{(C+ 1)z _

By applying the principles suggested by [25] into
the higher powers of z beyond the second degree, Eq.

(21) is transformed to the hyper geometric-type second
order differential equation solvable by the NU method:

TR ”

6ue? 2[1.6‘2 2u
—zZ + 62—322 -V, = z?
RoTeq%h hmeqa*Ry % nla

2+ Vs (jG + D — e+ 1) - 2) 22

d’P(z) , (1-2) dy(2) 1 2UE 2urg (.. _ 3 _
2O L8O 2 st Vs 22 (G D~ e+ D =)z [w@ =0 @)
6ue? 2ue?
P zZ—4 pEm———— z—{((t+ 1)z
2u 2UE 6p¢e2 2ue?
_-H/; EZ T ez Romeqa?h® = h*meqa*R3
where
Zur
— V@2 (G + 1) - e+ 1) -2
gD = _ 6[132 zuez _ 2_” (23)
Romeqa?h? h’meqa*R3 0 plq
Zur
222 + Vs 22 (G + 1) — e+ 1) - 2)
T’ = 6#32 2[162 1 (24)
Romeqa?h? B h’mega*R3 % hz_ —{+ 1)
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6ue

2 2

2ue

__ 2UE
—%= h? a2

Substituting equations (23), (24) and (25) into
Eq. (22), we have:

d’P(z) (1-2) dy(2) N
dz? z(1—-2) dz
toamlez 1z - W@ =0 Qo)
Comparing (26) and (1), the relevant

polynomials can be expressed as
T(z2)=1-2z

o(z) =z(1-2), 0%(z) = z°(1 — 2)?

6(z) = pz?+nz—R (27)

Inserting the polynomials as defined by Eq. (27)
into Eq. (9), we have:

(2) =_7Zi\/(y—k)z2 +(n+k)z+R (28)

where
1
y=2+¢ (29)
As required by the NU method the discriminant
of the quadratic expression under the square root
sign in Eq. (28) is equated to zero. This leads to
another quadratic equation in terms of k. Solving the
ensuing quadratic equation for k, we have possible
solutions as:

k=—-m+2R) +2VRJSy +n+ R

Accepting the negative solution of k from Eq.
(30), and substituting k into Eq. (28), we have

n(z) = 7+ (VR+y +n+ R)z - VR

(30)

€2))

14

Romeqa?h®

B hmega*R3 25)

Upon inserting Eq. (31) into Eq. (5) another
required polynomial t(z) is derived:

(z2)=1-2z—-

(VR 4y T FR)z — 2V
Taking the first derivative of Eq. (32), we have:
@) =-2-2VR-2\y +n+ R
Taking the first derivative of Eq. (31) and using

Eq. (30), Eq. (33) as well as Eq. (27), A and A, are
obtained explicitly as

-1
AzT—\/ﬁ—,/y+n+‘ -

(32)

(33)

—n=2R-2VR Sy +n+ R (34)
lp=n?+n+2nVR+2nfy +n+R (35

By comparing Eq. (34) and Eq. (35), we obtain
the quantity®R:

R =

(nalefB) +1+ :
_5[( (n2+l\-/f/)ﬁ) 2 f]] 36)

where
(37)

Reintroducing Eq. (23), Eq. (24) and Eq. (25)
into Eq. (37) and Eq. (36), we obtain the energy
eigenvalues for the superposition Hulthen potential,
spin-orbit interaction and adjusted Coulomb
potential in terms of the principal n, orbital £ and
angular momentum j quantum numbers as stated by
Eq. (38):
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1 4
n+5+

1

nmeqatR3

4pvys(0)r3
.z
6ue?

(jG+D-te+1-3)

+0(0+1)

(

kn+l+
2

4

1

nmeqaR3

2uVo 26V s(O)Ts(

4[1,VL5(0)T%
hZ
6uel

(j(f+1)—f(f+1)—§)\
+0(0+1) (38)

10pe?

hza

_l_

P 3
SO0+ 1)=3) ]

1
n+
2

|
+

Equation (38) is the energy eigenvalue equation
for the proton orbiting the core in a nucleus. The
energy spectrum for a neutron orbiting the core of
the nucleus is obtained by setting e in Eq. (38) to

1_4MVLsUUT3
4 02
6uel

(jG+D-te+n)-3)

SH(0+1)

megatRy

hZ

zero as the net charge of the neutron is zero, as there
is no Coulomb interaction between the orbiting
neutron and the core of the nucleus. Hence the
energy eigenvalues for the neutron is given as:

2.2

|
i

= 2
Tl+2+ 4 h

l_‘l—[l,VLs(O)T%

(jG+D-ee+1)-3)
+0(£+1)

l_‘l—y.VLs(O)T(Z)

(jG+D-ee+1)-3)

K2 a2 n+-+ |4 w2

Enej = = P +O(0+1) (39)

2uVo  2uVig(rd . o 3

i (jG+D-ee+1)-3)

1 4uvys(O)rd, . . 3

nit [T 2(iG+ D=+ 1)=3)

| +0(6+1) ]

Equation (38) and Eq. (39) are used in this study p(z) = Z2VR (1-— Z)z,/y+n+€R (40)

to obtain explicitly the ground state energy of *'Sc
and *'Ca respectively.

Next, we obtain the wave function as stated in
Eq. (8), using the weighted factor p(z) which is in
the form

5 d
Yu(2) = Buz (1L — 2)

= Pn(Z\/ﬁ,Z,/y+n+‘R)(1 —22)

Substituting Eq. (40) into Eq. (7), the Rodrigues
relation is obtained as:

[Zn+2\/§(1 _ Z)n+2\/y+n—+9{] =
(41)
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where P, is the Jacobi polynomial. Using Eq. (36)
and Eq. (41) the wave function is given as:

¥(2) = Npz'™(1 -

)G p BRI oy )

where N,,is the normalization constant. Applying
the normalization condition the normalization
constant 1s obtained as:

N%lgf_ll (1; ) (1+y) [P(wb 1) ] dy = 1(43)

Equation (43) is derived by setting

1
b=5+ y+n+R

w =2VR (44)

By comparing Eq. (43) to the standard integral
of the form Eq. (37) as reported by Ebomwonyi et
at., in the ref. [24], we have:

! 1_P)x <1+P)y (2x,2 2
pE2y=Dy " gy =
| 7)) [y

__ 2l (x+n+1)r (y+n+1)

45
nix'(x+y+n+1) 43)
We derive the normalization constant as:
1
_ anlwl(w+b+n+1)
= (46)
2r'(w+n+1)r(b+n+1)

4 Expectation values
observables

of some physical

Now we derive the expectation values for
position (radius), kinetic energy and the square of

momentum for the respective nuclei under study. To
achieve this, we use the Hellmann-Feynman
theorem. ‘The Hellmann-Feynman theorem assures
that a non-degenerate eigenvalue of a hermitian
operator in a parameter dependent eigensystem
varies with respect to the parameter provided that
the associated normalized eigenfunction is
continuous with respect to the parameter’ [26]. This
statement is given mathematically as:

OoH _0OE 47
<\V a |a|w q> - E “7
The Hamiltonian used in solving the

Schrodinger equation for the present work is of the
form:

by n* d?
© 2udr?
Wwd K
Voe—ar
C1—emar

réae %" =

_VLS(O) m Z S (48)

To obtain the expectation value for position of
the particle in the nuclear system, which represent
approximately the radius of the nuclei under study,
we equate the variable q in Eq. (47) to £. Substituting
Eq. (48) into Eq. (47), we have:

WOILWO) =L@+ D62 @)

where (r~2) is the expectation value for position
(radius of the system).

Taking the derivative of Eq. (39) with respect to
£ as required by Eq. (47), we have:

—247 [(25 +1) (‘“‘V‘Sr" + 1)]

0E
—_ = L(Z#VO_FZ#V[SY'O(j(j+1)_[(€+1)_%)

a¢ 1 _2&

na W2

(50)

10pe2
o 3
h*mega?R3

2y (n+%+\/7)2

Equating (49) and (50), the expectation value for position is derived as:
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2uVo ZHV(sTo ) —f(f+1 _3 10[1.62
IS +\/_+ ML+ )1 (t+1) 4)+—h2n80a2R3
2 (n+§+\/§)
2\ _ 1 (2uvg 2uVesrdy ... 3 10pe?
2Vy (n+2+v3)
2
(4#‘2257'0 + 1) ]
The expectation value for position (radius) (r)is Recall that,
obtained from Eq. (51). The expectation value for H=T+V
kinetic energy (T)is obtained from Eq. (47) by T=H-V (53)

setting

q to u, and differentiating the Hamiltonian and the
energy spectrum with respect to the reduced mass p

where T is the kinetic energy and V the potential,
putting Eq. (53) into Eq. (52) we have:

respectively. We have the derivatives below: W (#)| |1/)(u)) == (1—1 V)y=-—- (T)(54)
oH _ 1 #n* a W d
X _E<_ZW_EE e 2£(£+ 1)) (52) Also,
_ 2 T
var| F R AR Ay
n+-+.Jy+ ; —
82 2 (n+5+\/§)
2
e G e
+ + \/_ + 1 —
(n+3475)
4-V[ T L. 3 662 ]
{zr[( G+ D -+ D =) i)+ 1]+
(o] o -
0E _ 2
a = 2‘2/°+2V€5T°(](]+1) f(€+1)——) hzn'ls(:,ﬁ (55)

(n+5+\/§)

1 h?

2”V0+—2”‘;N°(1(1+1) ((e+1)-2)+

10pe?
nmega?R3

2y (n+%+\/?)

(- 4V€ST°(](1+1) ~te+n-3)-

6e2 )
nmeoatR3

(n+24v5)
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Equating (54) and (55) as required by (47), and we obtain the expectation value for kinetic energy as:

2uVo 2BV ysTS( oo o\ 3 10ue?
a2 Y IULEY B (J(J+1) {(t+1) 4)+—hzmoa2R3
n+ - +\/_ + :
8u (n+5+\/§)
2uVo Zqusro . _ 3 10ue2
ia? . +\/_+ Hpooee (jG+D-e(e+1) 4)+—h2nsoa2R3
4 (n+%+\/7>
4V€Sro ( 1 1) — _) _ 6e? ) 1'
{2\/_[( G+D-+1) hme,a*R3 + ] +
T) = 2V zvgsro 3 10e? 56
(T) o, Hygto (;(;+1) D= s (56)
(n+5+\/7)
2uVo ZquSr% L. _ _3 10ue2
1 2 T hz_(1(1+1) 0(t+1) 4)+h2n80a2R3
- 2
2\y (n+%+\/7)
v 2
(500t pree)
(n+5+\/§)

Using the relationship between kinetic energy and the square of momentum as:

—{T) = = 55(P?) (57)

The square of momentum is obtained from Eq. (57) as stated below:
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2

h2a? i?VO+ZH:?TO(](j+1)_f(5+1)_%)+h2;§:zzR3
n++[+ - 2
4 (n+5+\/7)
2 2
wia?| N i+ %_,_Zngsro(j(jﬂ)—5(f+1)—%)+h—2;2:§2R8
2 2 TVY (n+2+vy)
4v sro 6e?
{2\/_ [( = ( (] +D -+ D - _) N hznsoa4R3) t 1] +
2\ r e2
(P*) = e °(J(J+1) e+ -3)+ —hznl;;az P 58

(n+5+v%)

1 ha 2

2uVq 21V 575 (1 (j+1)—€(€+1)—%)+

10pe?
hmeoa?R3

~75

( V"STO (1 G+1)—e(e+ 1)——)

(n+%+\/§)2

6e2 )
2neoa®R3

(n+2+3)

5 Results and discussion

The analytical solution of the Schrodinger wave
equation for the superposition of Hulthen potential,
spin-orbit interaction and adjusted Coulomb
potential is applied to study two nuclides; calcium
41 and scandium 41 isotopes.

Explicitly: *'Ca and *'Sc nuclei are chosen as
nuclear systems in this study, being that the best
evidence of single particle behavior is easily
observed in near doubly magic nuclei. The nucleus
of *!Ca has a closed shell for both nucleons with a
valence neutron in the 1f7 level. Also, *'Sc has

2

closed shells for protons and neutrons, with a
valence proton in the 1f7 level. The ground state

2
properties of *'Ca and *'Sc are determined by the
valence nucleon orbiting the closed core according
to the theory of nuclear shell model. We obtain the
numerical results of the ground state energies of *'Ca
and *'Sc from Eq. (39) and Eq. (38) respectively.
Table 1 gives a summary of the parameters used for
the numerical calculation. The numerical results of
these energies of the nuclei under study are as
presented in Table 2 and compared to experimental

data culled from ref [13]. The calculated energy
levels agree to a very great extent with the
experimental values. Comparing the ground state
energy of *'Ca obtained from this study to the
experimental value shows a percentage relative error
0f2.02%. The calculated ground state energy of *'Sc
obtained from the present work shows a percentage
relative error of only 0.95% to that obtained
experimentally. The small percentage relative error
recorded here attests to the success of the analytical
method employed in this work as well as the
excellent means of adding the spin orbit interaction
to the Hulthen potential plus the Coulomb potential,
which serves as the nuclear potential for the nuclei
under study. The physical observables such as the
expectation values for position (radius), kinetic
energy, and the square of momentum are as
presented on Table 3. Using the same set of
parameters used for calculating the numerical values
for the energies of both nuclei under study, Eq. (51)
was used to obtain the numerical values for the
position (radius) of the nuclei, Eq. (56) was used to
obtain the kinetic energies and Eq. (58) was used to
obtain the numerical values for the square
momentum of both nuclei. Comparing the
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calculated expectation value for the radius of the
isotopes under study to the experimental values of
their radii showed a relative percentage error of
20.8%.The numerical values for kinetic energy and

momentum obtained from this work were not
compared to experimental values of these quantities
owing to the unavailability of experimental data on
these quantities for the isotopes under study.

Table 1 — Numerical values of potential parameters for the combined potential

Parameters 41Ca 41S¢
a (fim™) 0.5 0.5
V, (MeV) 45.83 45.83
Vis (MeV) 20.1652 20.1652
hc (MeV) 197.3269602 197.3269602
u (MeV/c?) 915.20392928 915.212583522
R, (fm) 4.1378607 4.178607
£ 0.079785 0.079785
oy 0.2 0.2
e(MeV) - 1.199999999

Table 2 — Ground state energy of *'Ca and *!Sc

. Calculated Energy (MeV) Experimental value of
Nuclides State {present work} Energy (MeV)[23]
g 1 z -357.51025 -350.4148
41Sc 1f7 -346.41183 -343.1371
2

Table 3 — Numerical results of the expectation values for radius, kinetic energy and square of momentum of #'Sc and *!Ca isotopes

Kinetic energy (T) (eV)

Quantity 4S¢ 4Ca
. Calculated value 2.74591 2.75152
Radius <r2 )E (fm) Experiment:tl 2Illa)llue (Angeli 3.4698 3.4780
Calculated value 342.86341 337.22125

Experimental value

Square of momentum (PZ)

Calculated value

6.27580 X 103

6.17251 X 10°

Experimental value

6 Conclusions

In this study, we obtained the approximate
solution of the Schrodinger wave equation for the
superposition of Hulthen potential with spin-orbit
potential plus adjusted Coulomb potential using
the NU method. Clearly, we calculated the single
particle energy spectrum for this constructed
potential model and applied it to obtain the ground
state energy of near doubly magic nuclei, namely,

20

#1Ca and *'Sc. We also obtained the single particle
normalized wave function for the nuclei under
study. Using the Hellman-Feynman theorem, the
physical observables such as the radius, kinetic
energy and momentum of selected near doubly
magic nuclei were calculated in this study.
Therefore, we propose that our constructed
potential model can be used to study nuclei such
as near doubly magic and near singly magic

nuclei.
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