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The paper presents an analysis of data on the single and multiple ionization cross sections of rare gas
atoms by electron impact and single ionization cross sections by positron impact. To approximate the cross
section for single ionization of atoms of rare gases, as well as a large number of atoms of other elements,
a semi-empirical formula with four parameters was proposed, which gives an accuracy of several percent
in a wide energy range. Here we generalize our approach to the case of multiple ionization of an atom
by electron impact and single ionization by positron impact. For the selected sets of experimental data,
the recommended values of the approximation coefficients for a wide range of collision energies have
been calculated and determined. The approximation formula reproduces the values of the ionization cross
sections for rare gases in a wide range of energies with an accuracy of the order of error of the available
experimental data and it has physically reasonable asymptotics.
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1 Introduction dependence of the ionization cross section on the
energy of the incident electron was first proposed by

To analyze and simulate processes in low- Compton and van Voorhis in 1925 [6]:
temperature plasma, it is necessary to know the o, .. (£)=C,(¢—1), [<g&<2[. Vanier
kinetic coefficients, in particular, the cross sections [11] took into account the interaction of the
for ionization of atoms by electron impact. This  jjcident and bound electrons and obtained the

work is a continuation of our works [1-4], in which  ¢5}14wing approximation of the initial section:
experimental and theoretical data on electron-atomic

collision cross sections are analyzed [5-11]. In 1912, _ 1.127

Thomson, based on the consideration of the problem Oionization (8) - Ci (g N 1) , &>l @)
of the collision of two electrons, one of which is at

rest, determined the fouowing formula for the The first ionization potential I can serve as the
ionization cross section [5]: natural scale of energy when an electron collides

with an atom, so here and below it is convenient to
et (1 1 , R (e-1) pass to the dimensionless energy x=¢&/1,
O oniation () = ?( )E ara, e (M A = x x — 1,x>1.Inthe case of high energies
( € > 300 eV) dependence of the ionization cross
section on the electron-impact energy can be
described by the Born-Bethe type formula:

1

where 7 — ionization energy, & >/ - incident
electron energy, apo— Bohr radius, Ry=13.6 eV. This
formula gives a linear increase in the ionization
cross section at a small excess of the collision o (g)ocln_x. 3)
energy over the ionization potential. The formula for fonization X

approximating the initial part of the curve of
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Formulas of that type are widely used for fitting
the excitation and ionization cross sections (see, €.g.
[12]).

In our paper [4], we proposed a formula for the
electron impact ionization cross section of an atom
with four approximation coefficients a, B, v, 6:

aAx’

Gmmzatl(m (8) (1 + ﬂAx)}/ * (4)

Here the constant o has the dimension of area,
and the constants [, y, o are dimensionless
quantities. To search for them, the problem of
minimizing the root-mean-square relative deviation
of cross sections from their experimental values was
solved using the coordinate descent method. For

a=4ra)(Ry/I)’,B=1,y=2,6=1 formula (4)

coincides with Thomson’s formula (1). The
maximum value of the cross section according to
this formula is achieved when Ax = &/(B(y — 9)).
Formula (4) allows one to take into account the
deviation of the dependence of the cross section
from linearity near the threshold, and at high
energies it allows one to take into account the
logarithmic ~ correction of the Bethe-Born
approximation. It turns out that a power-law
decrease in the ionization cross section

o (x)oc1/x7° at high energies makes it

ionization
possible to obtain quite satisfactory agreement with
experimental and theoretical data for all inert gases.
The errors of the approximation of experimental
data by analytical dependence (4) for rare gases,
alkali and vapors of other metals, as well as for H,
Si, P, S lie in the range of 1-10% [4], which
corresponds in order of magnitude to the error of the
experiments themselves.

In principle, there are hundreds of experimental
and theoretical works on the determination of
ionization cross sections. But at the same time,
errors are often not given, because, generally
speaking, they cannot be determined without
knowing the exact answer. By increasing the
number of measurements, the statistical error can be
reduced, but in the case of an experiment, a
systematic  error remains.  Therefore, the
experimental data themselves from various sources
may differ tenfold, while errors in the range of 3-7%
are often indicated. In addition, the ionization of an
atom as a multielectronic system, based on

theoretical consideration, usually involves the use of
simplifying assumptions, which makes it difficult to
determine the accuracy of the result.

2 Approximation of the single ionization
cross sections by 1 term formula

The largest amount of experimental and
theoretical data is available for cross sections of
single ionization of atoms. The observed variation in
the experimental data for cross sections is due to the
fact that the cross section is not a directly
measurable quantity, but is calculated as a result of
processing other measured parameters. To analyze
and approximate them, we took data from [13,14],
where recommended cross-section values were
obtained for single ionization of rare gas atoms by
analyzing experiments and theories.

The work [15] presents the results of
measurements of the ionization cross sections of
helium, neon, argon, krypton, and xenon upon
electron impact for energies in the range from the
first ionization threshold to 1000 eV. In addition to
single ionization cross sections, this work obtained
data on multiple ionization cross sections. Briefly,
during cross-section measurement, the vacuum
chamber is filled with the target gas and the electron
gun generates pulses. These pulses pass through the
gas between the two plates, and the electrons
produced by ionization are going at a collector. The
data from [15], which claim higher accuracy,
confirm the correctness of the single ionization
cross sections recommended in [13, 14].

The results of the approximation of
experimental data [13,14] according to formula (4)
for inert gases are given in [4]. In this work, for
comparison, we added the results of approximation
of experimental data on single ionization [15]. The
root-mean-square relative error of approximation in
both cases lies in the range from one to five percent,
i.e. within experimental errors. As an example, Fig.
1 for Xe shows the experimental data from [14] and
[15], as well as their approximations according to
formula (4). The data [14] on the right tail is
significantly higher than in [15]. Table 1 shows the
values of the parameters for approximating the
ionization cross sections of rare gas atoms as well as
the values of the root-mean-square relative error, the
maximum ionization cross section o (&, ) and the

energy &, at which it is achieved.
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lonization cross section by electron impact, Xe
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Figure 1 — Single ionization cross sections of Xe atoms by electron impact.

Table 1 — Parameter values for approximating the ionization cross sections of rare gas atoms by electron impact.

AI‘,K;% a, A2 B ¥ 3 A, % ge‘;’ o f;‘m ) Reference
2, He 0.406 0.330 2.01 1.11 1.0% 116 0.35 A, Heer, [13]
24.59 0.372 0.312 2.03 1.13 1.6% 124 0.34 B, Rejoub, [15]
10, Ne 0.451 023 | 222 | 133 13% 162 0.71 A, Heer, [14]
21.57 0.343 0.182 2.33 1.33 4.2% 179 0.67 B, Rejoub, [15]
18, Ar 3.19 0.326 1.92 1.08 2.5% 78 2.87 A, Heer, [14]
15.76 4.26 0.541 1.93 1.26 3.6% 71 2.66 B, Rejoub, [15]
36, Kr 3.77 0.302 1.86 1.07 2.7% 77 3.82 A, Heer, [14]
14.0 7.08 0.641 2.19 1.52 4.3% 64 3.61 B, Rejoub, [15]
54, Xe 3.66 0.178 1.66 0.836 5.1% 81 4.90 B, Heer, [14]
12.13 5.64 0.365 1.79 1.05 2.1% 59 4.83 A, Rejoub, [15]

The analysis of the data presented in Table 1
allows us to estimate experimental errors and
improve the accuracy of determining cross sections.
It can be noted that there is a correlation between
the approximation error of the experimental data
[13-15] by the analytical dependence (4) and the
proximity of the parameter B to the value of 0.33.
Therefore, for He, Ne, Ar, Kr we recommend data
from [13,14], and for Xe from [15]. In the last
column of Table 1, the letter A — marks the most
accurate approximation, and B — marks the less
accurate one. Note that in the recommended
approximations, the values of the coefficient d are in
the range from 1.05 to 1.33, ie. the Vanier
correction (2) with the value & = 1.127 allows us to
more correctly describe the initial part of the
dependence of the ionization cross section on the
collision energy.
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Formula (4) approximates well the behavior of
the dependence of ionization cross sections on
energy for most elements (see [4]). But for some
elements, as shown in Fig. 1 for Xe, this dependence
has a two-humped nature due to the knocking out of
electrons from the inner shells. In these cases, a
fairly good accuracy is achieved by approximating
experimental data with two-term formula

o (5) = alefl azAxfz
ionization (1 + ﬂ]Axl)% (1 + ﬁzsz )7/2 ’

where x, =¢/1,, Ax, =x, -1, x,>1, x,=¢/E,,
Ax, =x,-1, x, >1 , E; — potential from the inner

shell. We used this two-term formula in [4] to
approximate the single-ionization cross sections of
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Xe, Cs, Cu, and U atoms, which made it possible to
reduce the approximation error for these elements
by one and a half times and qualitatively reproduce
the two-humped nature of the dependence of the
cross section on the collision energy.

3 Approximation of the multiple ionization
cross sections of atoms by one term formula

With a sufficiently high energy of the incident
electron, it can knock out several electrons at once:

e+A—>e+ A" +ne, n=>1

Analysis of the experimental data [16] on
multiple ionization (MI) cross sections Oy showed
that the majority of the cross sections has a similar
shape and the electron-impact energy dependence
can be described by the Born-Bethe type formula (3)
[17]. Namely, for cases with n>=3, based on
formula (3), a semi-empirical formula for the
dependence of the cross sections MI of atoms by
electron-impact is obtained [18]:

Otn’NRy2 (x=1)Inx
12x2 :

n

®)

o,(x)=

where dimensionless energy x=¢/1 , Ax=x-1,
n—1
x>1. The threshold energy I = Zl it
i=0
corresponds to the minimal ionization energy /1,
required to remove n outmost electrons, Z;;+; — is the
one-electron ionization energy from the charge 7 to

i+1. The coefficient ¢, ) should depend only on

two parameters: the number of ejected electrons n
and the total number of the target electrons N, and a
power-law approximation was found for it. Formula
(5) does not allow correctly taking into account the
asymptotes for n=1/, 2, and for n>2 in many cases
the error is very large. Semi-empirical formulas for
the cross sections for the double ionization of light
positive ions by electron impact were obtained in
[19].

There is a large amount of experimental data for
multiple ionization of rare gas atoms (see references
in [20, 21]). We took more recent experimental data
for multiple ionization of rare gas atoms from [15],
which are in good agreement with the data from
[20]. Table 2 shows the results of approximation of
the cross section for multiple ionization of rare gas
atoms by electron impact using formula (4). Figures
2-4 for Ne, Ar and Xe show experimental data from
[14] and [15], as well as their approximations using
formula (4).

Table 2 — Parameter values for approximating the multiple ionization cross sections of rare gas atoms by electron impact.

Atom n, a, A, £, o(e. ),
In.eV 2 p v 8 % o '
2, He 2,79.01 0.005 0.643 3.59 2.25 3.7% 285 0.0013
10, Ne 2,62.53 0.137 0.648 4.60 3.15 3.2% 272 0.0306
3,126.0 0.011 0.572 5.32 3.0 4.5% 411 0.0015
2,43.39 12.48 1.89 4.07 3.04 6.2% 111 0.1803
18, Ar 3, 84.30 0.014 0.45 2.44 1.43 32% 350 0.0089
4,144.1 0.005 0.63 8.76 6.96 19% 1028 0.0015
2,38.36 121 2.68 4.68 3.8 3.0% 100 0.297
36, Kr 3,75.31 0.047 0.379 2.31 1.41 7.9% 387 0.039
4,127.8 0.078 0.94 4.75 3.84 2.5% 702 0.0097
2,33.10 33.2 2.35 3.64 3.0 6.6% 99.0 0.471
3, 64.15 127 2.35 5.69 4.78 14% 208 0.175
56, Xe 4,106.4 28.3 2.06 6.12 5.15 22% 380 0.0471
5, 160.5 31.5 2.59 6.26 5.0 9.5% 406 0.0116
6,227.16 35.6 291 7.30 6.0 13% 587 0.0019
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Rejoub 2002: e + Ne(0+) --> e + Ne(n+) + ne

1

g 0.1

= .

o

©

I

o

= 0.01

S

3

3 O O n=1

2 n=1, fit-4.2%

2 1x10 3 O O n=2 a
n=2, fit- 3.2%

O O n=3
n=3, fit- 4.5%
1x10~ 4 L L
10 100 1x10° 1x10*

energy, eV

Figure 2 — Single, double and triple cross sections
for ionization of Ne atoms by electron impact.

Rejoub 2002: e + Ar(0+) --> e + Ar(n+) + ne

O O n=1

—— n=1, fit- 3.6%
O O n=2 i
—— n=2, fit- 6.2%
O O n=3

—— n=3, fit- 32%
00O n=4

—— n=4, fit- 18.9%

0.011

cross section / 10A-16 cm*2

1x10~ 3

4 |

1x10

10 100 1x10° 1x10*

energy, eV

Figure 3 — Single, double, triple and four-fold cross sections
for ionization of Ar atoms by electron impact.

Rejoub 2002: e + Xe(0+) --> e + Xe(n+) + ne
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Figure 4 — Single, double, triple, 4-, 5- and 6--fold cross sections
for ionization of Xe atoms by electron impact.
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For triple and 4-fold ionization of Ar atoms and
two-, three-, 4-, 5- and 6-fold ionization of Xe
atoms, the cross-section curve has a two-humped
character due to the ionization of electrons from the
inner shells. To take this effect into account more
accurately, it is necessary to use two-term
approximation, as we did in [4] for Xe, Cs, Cu, and
U.

4 Approximation of the single ionization
cross sections of rare atoms by positron impact

The papers [22, 23] present the cross sections
for ionization by a positron impact for atoms of rare
gases. For these data, we calculated the
approximation coefficients according to formula (4).
The results are shown in Table 3.

Table 3 — Parameter values for approximating the multiple ionization cross sections of rare gas atoms by positron impact.

Atom a, 4, Eno o(&,)

n, In yE g y ) o o P Reference
2, He 1, 24.59 1.06 0.501 3.55 2.33 3.4% 118 0.54 Ratnavelu, [23]
10. Ne 1.21.57 0.644 0.337 2.84 1.93 4.4% 157 0.885 Kara, [22]

? T 0.487 0.196 2.40 1.32 3.1% 156 0.803 Ratnavelu, [23]
18, Ar 1, 15.76 1.88 0.198 2.67 1.42 3.0% 106 2.96 Ratnavelu, [23]
36. Kr 1. 14.0 2.77 0.284 2.33 1.42 8.8% 91 3.48 Kara, [22]

’ o 3.47 0.316 2.87 1.80 7.2% 89 4.15 Ratnavelu, [23]

4.59 0.207 1.99 1.03 8.3% 75 5.86 Kara, [22]
36, Xe L1230 | 0277 | 255 | 147 5.6% 72 6.27 Ratnavelu, [23]
Figure 5 shows cross sections of single figure clearly shows the more complex nature of

ionization of helium atoms by electron-impact for
experimental data from [13, 15] and positron impact
for experimental data from [23].

Figure 6 shows cross sections of single
ionization of krypton atoms by electron impact
for experimental data from [14, 15] and positron
impact for experimental data from [22, 23]. This

the dependence of the ionization cross section by
positron impacts compared to electron impacts.
The reason apparently lies in an additional
ionization channel with the formation of
positronium in a positron-atom collision. In
addition, measurements of positron-atomic
collisions have a large error.
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Figure 5 — Single-ionization cross sections of He by positron (e+) and electron (e-) impact.
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lonization cross sections by positron and electron impact, Kr
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Figure 6 — Single-ionization cross sections of Kr by positron (e+) and electron (e-) impact.

5 Conclusions

Using the available and most reliable data on the
ionization cross sections of atoms of inert gases, the
cases of single and multiple ionization of atoms by
electron impact and single ionization of atoms by
positron impact are considered. For approximating
the cross sections, a semi-empirical formula with
four parameters is proposed. Smooth and
asymptotically reasonable approximating
dependencies make it possible to avoid errors in the
numerical differentiation of experimental data,
which in the mathematical sense is incorrect (that is,
arbitrarily small errors in the data give an arbitrarily
large error in the derivative). Therefore, the use of
analytical formulas with physically reasonable
asymptotes to find cross-section values by
interpolation or extrapolation seems more preferable
than the use of tabular experimental data.

100

The cross section of single ionization of atoms
of rare gases by electron impact is approximated
with an error of 1-3%. Since the error of the
experimental data is an order of magnitude larger,
the analysis of the fitting coefficients makes it
possible to determine which data should be
recommended for use.

Multiple ionization of atoms by electron impact
is a more complex process in which the ionization
of electrons from inner shells often plays an
important role. But even in this case, it is possible to
obtain an approximation error in the range of 3—
30%. In order of magnitude, this error practically
coincides with the error of the experimental data.

The cross section of single ionization of rare gas
atoms by positron impact is approximated with an
error of 3-9%. Since the ionization of an atom by a
positron impact can be accompanied by the
formation of positronium, this leads to a greater
error in the experimental data.



Maiorov S.A., Golyatina R.I. Phys. Sci. Technol., Vol. 11 (No. 1-2), 2024: 94-101

References

1. Golyatina R.I., Maiorov S.A. Analytical cross section approximation for electron impact ionization of alkali and other metals,
inert gases and hydrogen atoms // Atoms. — 2021. — Vol.9. — P.90. https://doi.org/10.3390/atoms9040090

2. Golyatina R. I., Maiorov S. A. Analytical approximation of cross sections of collisions of electrons with atoms of inert gases
// Phys. Sci. Technol. —2021. — Vol. 8. — P. 4-13. https://doi.org/10.26577/phst.2021.v8.i1.01

3. Golyatina R. 1., Maiorov S. A. Analytical approximation of cross sections of collisions of electrons with inert gas atoms //
Plasma Physics Reports. — 2022. —Vol. 48. — P. 193—199. https://doi.org/10.1134/S1063780X2202009X

4. Maiorov S. A., Golyatina R. I. Analytical formulas for approximating cross sections of electron collisions with hydrogen,
noble gases, alkali and other atoms // Atoms. —2022. —=Vol.10. —P.93. https://doi.org/10.3390/atoms 10030093

5. Thomson J.J. lonization by moving electrified particles // The London, Edinburgh and Dublin Philos. Mag. J. Sci. — 1912. —
Vol. 23. — P. 449-457. https://doi.org/10.1080/14786440408637241

6. Compton K. T., Van Voorhis C. C. Probability of ionization of gas molecules by electron impacts // Phys. Rev. — 1925. —
Vol. 26. — P. 436. https://doi.org/10.1103/PhysRev.26.436

7. Zecca A., Karwasz G. P., Brusa R.S. One century of experiments on electron-atom and molecule scattering: Acritical review
of integral cross-sections // Riv.Nuovo. —-1996. —Vol.19. —No.3. —P.1-146. https://doi.org/10.1007/BF02742990

8. Pancheshnyi S., Biagi S., Bordage M. C., Hagelaar G.J.M., Morgan W.L., Phelps A.V., Pitchford L.C. The LXCat project:
Electron scattering cross sections and swarm parameters for low temperature plasma modeling // Chemical Physics. — 2012. — Vol.
398. — P. 148. https://doi.org/10.1016/j.chemphys.2011.04.020

9. Brusa R. S., Karwasz G. P., Zecca A. Analytical partitioning of total cross sections for scattaring on noble gases // Phys. D. —
1996. — Vol. 38. — P. 279-287. https://doi.org/10.1007/s004600050092

10.Kaur J., Gupta D., Naghma R., Ghoshal D., Antony B. Electron impact ionization cross sections of atoms // Canadian Journal
of Physics. — 2015. — Vol. 93. — No. 6. — P. 617-625. http://dx.doi.org/10.1139/cjp-2014-0485

11.Wannier G. H. The Threshold Law for Single Ionization of Atoms or Ions by Electrons // Phys. Rev. —1953. — Vol. 90. — P.
817— 825. https://doi.org/10.1103/PhysRev.90.817

12.Lotz W. Z. Electron-impact ionization cross-sections for atoms up to Z=108 // Physik. —-1970. — Vol. 232. — P. 101-107.
https://doi.org/10.1007/BF01393132

13.Heer F. J., Jansen R. H. J. Total cross sections for electron scattering by He // Phys. B: Atom. Mol. Phys. — 1977. — Vol. 10. —
No. 18. —P. 3741 3758.

14.Heer F. J., Jansen R. H. J., van der Kaay W. Total cross sections for electron scattering by Ne, Ar, Kr and Xe. // J. Phys. B:
At. Mol. Phys. — 1979. — Vol. 12. — P. 979-1002. https://doi.org/10.1088/0022-3700/12/6/016

15.Rejoub R., Lindsay B.G., Stebbings R.F. Determination of the absolute partial and total cross sections for electron-impact
ionization of the rare gases. // Phys. Rev. A. —2002. —Vol. 65. — P. 042713. https://doi.org/10.1103/PhysRevA.65.042713

16.Tawara H., Kato T. Total and partial ionization cross sections of atoms and ions by electron impact // At. Data Nucl. Data
Tables. — 1987. — Vol. 36. — P. 167 — 353. https://doi.org/10.1016/0092-640X(87)90014-3

17.McGuire E. J. Electron ionization cross sections in the Born approximation // Phys. Rev. A. —1977. — Vol. 16. —No. 1. - P. —
62 — 72. https://doi.org/10.1103/PhysRevA.16.62

18.Shevelko V. P., Tawara H. Semiempirical formula for multiple ionization cross sections of atoms by electron impact // Phys.
Scr. — 1995. — Vol. 52. — No. 6. — P. 649-653. https://doi.org/10.1088/0031-8949/52/6/007

19.Shevelko V. P., Tawara H., Scheuermann F., Fabian B., Muller A. and Salzborn E. Semiempirical formulae for electron-
impact double ionization cross sections of light positive ions // J. Phys. B: At. Mol. Phys. — 2005. — Vol. 38. — P. 525-545.
https://doi.org/10.1088/0953-4075/38/5/006

20.Shevelko V. P., Tawara H., Salzborn E. Multiple-ionization cross sections of atoms and positive ions by electron impact //
Preprint NIFS-DATA-27, Nagoya, Japan. —1995. P. 1- 40.

21. Hahn M., Muller A., Savin D. W. Electron-impact multiple-ionization cross sections for atoms and ions of helium through
zinc // The Astrophysical Journal. —2017. — Vol. 850. — P.122—143. https://doi.org/10.3847/1538-4357/aa9276

22.Kara V., Paludan K., Moxom J., Ashley P., Laricchia G. Single and double ionization of neon, krypton and xenon by positron
impact // J. Phys. B: At. Mol. Opt. Phys. — 1997. — Vol. 30. — P. 3933-3949.

23.Ratnavelu K., Brunger M. J., Buckman S. J., Stephen J. Recommended positron scattering cross sections for atomic systems
//'J. Phys. Chem. Ref. Data. — 2019. — Vol. 48. — P. 023102. https://doi.org/10.1063/1.5089638

Information about authors:

Mayorov Sergey Alekseevich (corresponding author),Doctor of Physical and Mathematical Sciences, is a leading researcher at
the Joint Institute for High Temperatures of the Russian Academy of Sciences (Moscow, Russia) e-mail: mayorov_sa@mail.ru;

Golyatina Rusudan Igorevna is a researcher at the Prokhorov General Physics Institute Russian Academy of Sciences (Moscow,
Russia) e-mail: rusudan@intemodino.com

101



