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The photodisintegration cross section observed just above the neutron threshold energy in 9Be is discussed in the 
framework of an α + α + n three-cluster model and the complex scaling method. The observed cross sections 
shows a remarkable sharp peak, which has been discussed in association with photo-neutron reactions in 
nucleo-syntheses of chemical elements. It is discussed that the enhancement of the peak is understood by taking 
into account a virtual state but not a resonant state. The complex scaling method cannot reproduce an eigenvalue 
corresponding to the virtual pole, but provides us with a useful tool for investigation of the photodisintegration 
cross section.  
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1 Introduction 
 
It is a longstanding problem to determine its 

resonance energy and width of the first excited 1/2+ 
state of 9 Be, which is closely connected with the 
problem to clarify whether it is a resonant state or not 
[1 – 7]. Recently, we studied the 1/2+ state of 9Be and 
the photodisintegration cross section (PDXS) 
applying the complex scaling method (CSM) [8 – 11] 
to the α + α + n three-cluster model [12, 13]. The 
results indicate that there is no sharp resonant state 
corresponding to the distinct peak observed just 
above the 8Be+n threshold in the photodisintegration 
cross section of 9Be. On the other hand, the recent 
experimental cross section data [14 – 16] can be well 
explained by the α + α + n  calculation. From these 
results, we concluded that the first excited 1/2+ state 
in 9Be is a 8Be n  virtual state but not resonant one. 

The virtual states in nuclear systems have been 
discussed in the T = 1 states of two-nucleon systems 
for a long time [17, 18], and recently they attract 
much interest again in association with weak binding 
problems of neutron rich nuclei [19 – 21]. The 
low-energy photodisintegration reaction of 9Be has 
also received much attention from the viewpoint of 
the astrophysical interest [22, 23]. The 
photodisintegration cross section has been discussed 

to be negligibly small in the energy region between 
thresholds of α + α + n (1.5736 MeV) and 8Be n  
(1.6654 MeV) [14, 15, 16]. The observed cross 
section above the 8Be n  shows a prominent peak, 
although there are some discrepancies among the 
experimental absolute values. The cross section 
profile has an asymmetric shape and cannot be 
explained by a simple resonance formula like the 
Breit-Wigner form. 

In next section, we briefly explain the framework 
of the α + α + n three-body model and the CSM. In 
section 3, the results are shown. A conclution is 
given in section 4. 

 
2 Framework 
 
2.1 α + α + n model 
We briefly explain the α + α + n three-body 

model employed in the present work, whose details 
are given in Ref. [12]. We here solve the Schrödinger 
equation for the α + α + n system using the 
orthogonality condition model [26]. The Schrödinger 
equation is given as  

 
ˆ = ,

J J
H E 

   
              

(1) 
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where Jπ is the total spin and parity of the α + α + n 
system and v is the index of eigenstates. The energy 
eigenvalue E  is measured from the α + α + n 
threshold of 9Be. The Hamiltonian for the relative 
motion of the α + α + n  three-body system is given as  

 
3 2

. . 3
=1 =1

ˆ = ( ) ,i c m n i PF
i i

H t T V V V V      
   

(2) 

 
where ti and Tc.m. are kinetic operators for each 
particle and the center-of-mass of the system, 
respectively. The interaction between the neutron 
and theith α particle is given as ( )n iV  , where i  is 
the relative coordinate between them. We here 
employ the KKNN potential [27] for Vαn. For the α – 
α interaction Vαα we employ the same potential as 
used in Ref. [12], which is a folding potential of the 
effective NN interaction and the Coulomb 
interaction. The pseudopotential 

= | |PF PF PFV     is the projection operator to 
remove the Pauli forbidden states from the relative 
motions of α – α and α – n [28]. The Pauli forbidden 
state ФPF is defined as the harmonic oscillator wave 
functions by assuming the (0s)4 configuration, whose 
oscillator length is fixed to reproduce the observed 
charge radius of the α particle. We here take  as 106 
MeV. 

In the present calculation, we introduces the 
n    three-body potential V3. The explicit form 

of 3V  is given as  
 

2
3 3= exp( ),V v               (3) 

 
where ρ is the hyper-radius of the α + α + n  system. 
The hyper-radius is defined as 2 2 2= 2 (8 / 9)r R  , 
where r is the distance between two α's and R  is 
that between the neutron and the center-of-mass of 
the α – α subsystem. To reproduce the ground-state 
properties, we take the strength v3 and the width μ as 
1.10 MeV and 0.02 fm–2, respectively. For other 
spin-parity states, we employ the same value of μ as 
used in 3/2– states, but different strengths are used to 
reproduce the energy positions of the observed peaks 
in the photodisintegration cross section. 

We solve the Schrödinger equation with the 
coupled rearrangement-channel Gaussian expansion 
method [29]. In the present calculation, the 9Be wave 

function 
J

  is described in the Jacobi coordinate 

system as 
 

1/2= ( ) ( ) ( ) , ,i j
cij l c L cJ I Jcij

C J r R  
 

       
  

(4) 

 
where ( )cijC J   is a expansion coefficient and χ1/2 is 
the spin wave function. The relative coordinatesr c  
and Rc are those in three kinds of the Jacobi 
coordinate systems indexed by c = (1, 2, 3), and the 
indices for the basis functions are represented as i and 
j. The spatial part of the wave function is expanded 
with the Gaussian basis functions [29]. 

2.2 Complex scaling method 
To calculate the photodisintegration cross 

section, we use the complex scaling method (CSM) 
[24, 25]. In the CSM, the relative coordinates ξ ( r c  
and Rc) are transformed as  

 
1( ) ( ) = ,iU U e    

           (5) 
 

where ( )U   is a complex scaling operator and   
is a scaling angle being a real number. Applying this 
transformation to Eq. (1), we obtain the 
complex-scaled Schrödinger equation as  

 
ˆ ( ) = ( ).

J J
H E   

    
          

(6) 
 
By solving the complex-scaled Schrödinger 

equation with appropriate L2 basis functions, we obtain 
the energy eigenvalues E

  and eigenstates ( )
J


   

(their biorthogonal states ( )
J


  ) [24, 25]. 

 

 
Figure 1 – Schematic picture of energy eigenvalue 
distribution on the complex energy plane for the  

n    system 
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The energy eigenvalues E
  obtained on the 

complex energy plane are governed by the ABC 
theorem [8, 9]. A schematic picture of the energy 
eigenvalue distribution is shown in Fig. 1. In the 
CSM, the energies of bound states are given by real 
numbers and are invariant under the complex scaling. 
On the other hand, resonances and continuum states 
are obtained as eigenstates with complex energy 
eigenvalues. The resonances are obtained as isolated 
eigenstates on the complex energy plane, whose 
energies are given as = / 2rE E i

    . The 
resonance energies rE  and the decay widths   
are independent of the scaling angle θ. The 
complex-scaled continuum states are obtained on 
branch cuts rotated down by 2θ  as shown in Fig. 1. 
The branch cuts start from the different thresholds for 
two- and three-body continuum states in the case of 
the α + α + n system as shown in Fig. 1. This 
classification of the continuum states is useful in 
investigation of properties of the 9Be 
photodisintegration. 

Using the energy eigenvalues and eigenstates of 
the complex-scaled Hamiltonian Ĥ  , we define the 
complex-scaled Green's function as  

 
1( ; , ) = | | =ˆ

( ) ( )
.J J

G E
E H

E E




 
 

 

   

 



 


 


 


        
(7) 

In the derivation of the right-hand side of Eq. (7), 
we use the extended completeness relation, whose 
detailed explanation is given in Ref. [30]. 

We calculate the cross section of 9 Be
(3 / 2 ) n        in terms of the 
electromagnetic multipole responses. In the present 
calculation, we focus on the low-lying region of the 
photodisintegration cross section and take into 
account only the dipole responses. The 
photodisintegration cross section   is given by the 
sum of those by the 1E  and 1M  transitions as  

 
1 1( ) = ( ) ( ),E ME E E

            (8) 
 

where Eγ is the incident photon energy. The energy E 
in Eq. (7) is related to Eγ  as E = Eγ – Egs, where Egs 
is the binding energy of the 9Be ground state 
measured from the α + α + n threshold. The cross 
sections for the electromagnetic dipole transitions 

1EM  are expressed as the following form:  
 

3

1

( 1, )16( ) = .
9EM

E dB EM E
E

c dE
 





 
 
       

(9) 

 
Using the complex-scaled Green's function given 

in Eq. (7), the electromagnetic dipole transition 
strength is given as

  
 

1

( 1, ) 1 1 ˆ= ( ) || || ( )
2 1 gs EM

gs

dB EM E
Im O

dE J
  



 



    

    

 1
1 ˆ( ) || || ( ) ,EM gsO

E E
 




 


    


                                
(10) 

 
 
where Jgs and Ψgs (θ) are the total spin and the wave 
function of the ground state, respectively, and 1

ˆ
EMO  

is an electromagnetic dipole transition operator. 
 
3 Results 
 
We first show the calculated ground-state 

properties of 9Be and their v3 dependence. The 
calculated binding energy and charge and matter 
radii are listed in Table 1. Without the three-body 

potential in Eq. (2), the binding energy of the 9Be 
ground state is overbound and the charge radius is 
slightly small compared to experiments. To 
reproduce these quantities, we need the repulsive 
three-body potential whose parameters are given 
as v3 = 1.10 MeV and μ = 0.02 fm–2. As results, we 
reproduce the binding energy and charge radius of 
the 9Be ground state simultaneously, while the 
matter radius is slightly larger than the observed 
one. 

 
 

 



9

Katо K. et al.                                                                                          Phys. Sci. Technol., Vol. 3 (No. 1), 2016: 6-11

Table 1 – 9Be ground-state properties in comparison with experiments. The calculated binding energies Egs in MeV, 
charge radii Rch, and matter radii Rm with different three-body potential strengths v3 are listed. 

 
3v  (MeV)  gsE  (MeV)  chR  (fm)  mR  (fm)  

.0   2.14 2.50  2.39 
.10   1.57 2.53  2.42 
exp.   1.5736[32] 2.519 0.012 [33]  2.38 0.01 [34]  

 
 

Next we confirm that no resonance of the 1/2+ 
state is found with the three-body potential given in 
Table 1 for the θ = 15o case. We discuss the 
photodisintegration cross section to 1/2+ states. In the 
present calculation, we fix the ground-state wave 
function obtained with the three-body potential in 
Table 1. In Fig. 2, we show the calculated cross 
sections using Eq. (9) in comparison with the two 
sets of the observed data [14, 15] which commonly 
have peaks just above the 8Be n  threshold. The 
dashed and dotted lines show the cross sections with 
and without the three-body potential for excited 1/2+ 
states, respectively, whose parameters are the same 
as those in Table 1. In both results, the calculated 
cross sections underestimate the low-lying peak 
above the 8Be n  threshold.  

 

 
Figure 2 – Calculated photodisintegration cross sections  

in comparison with experimental data. The arrow indicates 
the threshold energy of the 8Be(0+) + n channel 

 
 
To discuss the observed sharp peak just above the 

8 Be n  threshold in the photodisintegration cross 
section, we change the strength 3v  for the 1/2+ state 
to fit the observed data, but its range   is fixed as 
the same as used in the ground state. We here take the 
strength as v3 = – 1.02 MeV for the 1/2+ state and 
obtain the cross section as shown by the solid line in 
Fig. 2. Our result reproduces the observed peak by 
using the attractive three-body potential. The origin 
of the three-body potential would be a strong 

state-dependent tensor force and an antisym-
metrization of the nucleon among different three 
clusters. It can be estimated that the tensor force 
gives a repulsive effect for a p -shell neutron around 
two α clusters but an attractive one for a higher 
s-shell neutron [31]. We confirm that the calculated 
cross section rapidly increases just above the 8Be n  
threshold and there is negligibly small strength below 
this threshold. We also find that the calculated cross 
sections show the strong dependence on the strengths 
of the three-body potentials as shown in Fig. 2. This 
result is interesting and suggests the existence of the 
three-body unbound state of 9Be(1/2+), such as a 
resonance or virtual state. In relation to the cross 
section, we discuss the character of the 1/2+

 state. 
To see the origin of the low-lying peak above the 

8Be n  threshold in more detail, we show the 
distribution of the energy eigenvalues of the 1/2+ 
states by using the CSM. In the CSM, continuum 
states are obtained along the branch cuts which start 
from the threshold energies and are rotated down by 
2θ. A resonance is obtained as a solution with a 
complex energy of / 2rE i    which is isolated 
from the continuum states. However, the virtual 
states and broad resonances, which are located on the 
second Riemann sheet covered by the rotated first 
Riemann sheet, cannot be obtained as the isolated 
pole in the CSM. The contributions from these states 
to the cross section are scattered into the continuum 
states located on the 2θ lines. In Fig. 3, we show the 
distribution of the energy eigenvalues for the 1 / 2  
states calculated with v3 = – 1.02 MeV, which 
reproduces the observed peak as shown in Fig. 2. In 
the present calculation, we find no resonances in the 
energy eigenvalue distribution. All energy 
eigenvalues are located on the 2θ lines, 
corresponding to the branch cuts for the α + α + n, 
8Be (0 ) n  , and 5He(3/2–)+α continuum states.  

We investigate the contributions of two- and 
three-body continuum states to the cross section to 
understand the mechanism of the photodisin-
tegration.  
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Figure 3 – Distribution of energy eigenvalues  

of 1 / 2  states solved with the strength  
3 = 1.02v   MeV and the scaling angle = 15   

 
We decompose the cross section calculated with 

v3 = – 1.02 MeV into 8Be n  and α + α  components 
as shown in Fig. 4, to see the dominant contribution 
in the cross section. The 5 He   contribution is 
found to be negligible in the low-lying region, and 
we do not show it in Fig. 4. From Fig. 4, we see that 
the 8Be n  component is almost identical to the total 
cross section. This fact indicates that the 8Be+n 
breakup is dominant in the photodisintegration. This 
breakup process should be related to the structure of 
the 1/2+ state of 9Be. To investigate the structure of 
the 1/2+ state of 9Be, we calculate the energy 
eigenvalues of the α + α + n  system by changing 
the strength of the three-body potential v3, which is 
shown in Fig. 5. In the present calculation, when 
the strength of the three-body potential v3 = – 1.3 
MeV, the resonance pole suddenly appears just 
below the 8Be(0+) + n threshold. This resonance pole 
with a narrow decay width moves smoothly to the 
bound state region as the three-body potential 
becomes more attractive, and we finally obtain the 
9Be bound state with the region of v3 < – 1.8 MeV. 
On the other hand, we consider the pole trajectory in 
the opposite case of the three-body potential with v3 = 
– 1.3 MeV. If the resonance exists, the pole with a 
narrow decay width should appear above the 8Be n  
threshold as the analytical continuation from the 
resonance pole as shown with the crosses in Fig. 5. 
However, we found that no resonances appear above 
the 8Be(0+) + n  threshold for v3 = – 1.3 MeV of the 
three-body potential. These facts in the pole 
trajectory show the possibility of the virtual state of 
the 1/2+ state consisting of 8Be(0+) + n when we take 
v3 = – 1.02 MeV, which reproduces the experimental 
cross section. The existence of the virtual state is 
consistent with the dominant decay into 8Be + n in 
the photodisintegration of 9Be. 

 

 
Figure 4 – Decomposed photodisintegration cross 

sections. The solid and dashed lines are  
contributions of the n    and 8Be+n continuum 

states. The black thin line is the same as that in Figure 3 
 

 
Figure 5 – Pole trajectory of the 9 Be 1 / 2  state in a 

complex energy plane by changing the three-body 
potential. The closed circles represent the poles obtained 

as isolated three-body resonances in CSM. The open 
circles and crosses are speculated pole positions for the 

virtual states and broad resonances, respectively 
 
 
4 Conclusion 
 
We investigate the character of the 1/2+ state of 

9Be using the photodisintegration reaction with the 
α + α + n three body model and the CSM. The 
calculated photodisintegration cross sections into 
the 1/2+ states are shown to have a strong 
dependence on the strength of the three-body 
potential for the 1/2+ state. The experimental cross 
section shows a sharp peak just above the 8Be n  
threshold, which is nicely reproduced with the 
attractive three-body potential. We cannot find any 
resonance poles for the 1/2+ states in explaining the 
peak in the cross section. From the decomposition 
of the calculated cross section, it is shown that the 
8Be n  continuum states dominate the cross 
section to the 1/2+ states. These results indicate the 
possibility of the virtual-state nature of the first 
excited 1/2+ state. In addition, the pole trajectory 
suggests that the pole of the 1/2+ state is located on 
the second Riemann sheet of 8Be n  instead of the 
broad resonances of α + α + n. 
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